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Let K be a nonempty subset of a real topological vector
space X and let a bifunction deﬁned as f : K K ! R with
fðx; xÞ ¼ 0 for all x 2 K. The equilibrium problem studied
by Blum and Oettli [1], deals with the existence of x 2 K
such that fðx; yÞP 0 for all y 2 K. The vector equilibrium
problem is obtained by considering the bifunction f with val-
ues in an ordered topological vector space. Most of the
work on existence of solutions for equilibrium problems
are based on generalized monotonicity, which represents
some algebraic properties assumed on the bifunction f and
their extension to the vector case, see, for example, [2–4].
In recent years, a number of authors have proposed manyimportant generalizations of monotonicity such as
pseudomonotonicity, relaxed monotonicity which play an
important role in certain applications of mathematical pro-
gramming as well as in economic theory, see for example,
[5–11] and references therein. One type of pseudomonotone
operators was introduced by Karamardian [7] in 1976 in
the single-valued case. This pseudomonotonicity notion is
sometimes called algebraic, in order to avoid confusion with
the one introduced by Brezis [12] in 1968. Even for real-val-
ued functions, it is clear that these two pseudomonotonicity
concepts are different.
Let X;Y be Hausdorff topological vector spaces; let K  X
be a nonempty closed convex set and l et P : K! 2Y be a set-
valued mapping such that P is closed and convex cone (i.e., if
kP  P; for all k > 0 and Pþ P  P) with int P–;. Let
/ : X Y! Y be a bifunction such that supf2TðxÞ/
ðx; fÞ R int P. In this paper we consider the following general-
ized vector equilibrium problem (for short, GVEP): Find
x 2 K such that
sup
f2TðxÞ
/ðy; fÞ R int P; 8 y 2 K: ð1:1Þ
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tone set-valued mappings in a very general setting and
establish some connections between these pseudomonotone
mappings. Further, we prove Minty’s Lemma. By using
Minty’s Lemma and KKM theorem, we establish some exis-
tence theorems for generalized vector equilibrium problems.
The concepts and results presented in this paper improve
and extend the many existence results given in [5,6,8,13].
We recall some concepts and results which are needed in
sequel.
Deﬁnition 1.1. A mapping f : K K! Y is called hemicon-
tinuous, if for any x; y; z 2 K; t 2 ð0; 1Þ, the mapping
t ! hfðxþ tðy xÞÞ; zi is continuous at 0þ.
Deﬁnition 1.2. A mapping T : K! 2Y is said to be upper semi-
continuous on the segments of K if the mapping
t ! Tðð1 tÞxþ tyÞ is upper semicontinuous at 0, for every
x; y 2 K.
Deﬁnition 1.3. A mapping F : K ! Y is said to be P-convex, if
for any x; y 2 K and k 2 ½0; 1,
Fðkxþ ð1 kÞyÞ 2 kFðxÞ þ ð1 kÞFðyÞ  P:
Lemma 1.1. Let ðY;PÞ be an ordered topological vector space
with a closed and convex cone P with int P–;. Then for all
x; y; z 2 Y, we have
(i) y  z 2 int P and y R int P ) z R int P ;
(ii) y  z 2 P and y R int P ) z R int P .
Deﬁnition 1.4. Let B be a convex compact subset of K. A map-
ping / : K K ! Y is said to be coercive with respect to B, if
there exits x0 2 B such that
sup
f2Tðx0Þ
/ðy; fÞ 2 int P:
Deﬁnition 1.5. Amapping / : K K ! Y is said to be afﬁne in
ﬁrst argument if for any xi 2 K and ki P 0; ð1 6 i 6 nÞ, withPn
i¼1ki ¼ 1 and any y 2 K,
/
Xn
i¼1
kixi; y
 !
¼
Xn
i¼1
ki/ðxi; yÞ:
Theorem 1.1 [14]. Let E be a topological vector space; K be a
nonempty subset of E and let G : K ! 2E be a KKM mapping
such that GðxÞ is closed for each x 2 K and is compact for at
least one x 2 K, then Tx2KGðxÞ–;.
2. Existence results for generalized equilibrium problem
Now we will give the following concepts and results which are
used in the sequel.
Deﬁnition 2.1. The mapping / : X Y ! Y with respect to T,
where T : K ! 2Y, is said to be(i) A-pseudomonotone, if for every x; y 2 K,
sup
f2TðxÞ
/ðy; fÞ R int P implies sup
g2TðyÞ
/ðx; gÞ R int P;(ii) B-pseudomonotone, if for every x 2 K and for every net
fxig  K, with xi ! x
lim
i
inf sup
f2TðxiÞ
/ðx; fiÞ R int P
implies that for every y 2 K there exists fðyÞ 2 TðxÞ such
thatlim sup /ðy; fiÞ  /ðy; fðyÞÞ R int P;
(iii) C-pseudomonotone, if x; y 2 K and fxig  K, with
xi ! x,
sup
f2TðxiÞ
/ðð1 tÞyþ tx;fÞRintP; for all t2½0;1; for all i2 I
implies supf2TðxÞ /ðy; fÞ R int P.Now, we establish some results among above deﬁned
pseudomonotone mappings.
Proposition 2.1. Let X;Y be a topological vector space. Let
K  X be a nonempty closed convex subset of X. Let
T : K ! 2Y be a set-valued mapping. Let U : X Y ! Y is
A-pseudomonotone, upper semicontinuous and P-convex in ﬁrst
argument, also graph Y n fint Pg is closed, then / is
C-pseudomonotone.
Proof. For each y 2 K, deﬁne set-valued mapping
F;G : K! 2K by
FðyÞ :¼ fx 2 K : sup
f2TðxÞ
/ðy; fÞ R int Pg; 8 y 2 K:
GðyÞ :¼ fx 2 K : sup
g2TðyÞ
/ðx; gÞ R int Pg; 8 y 2 K:
In order to prove the C-pseudomonotonicity of /, we have
to show that for each line segment L, we have
\
y2K\L
FðyÞ \ L 
\
y2K\L
GðyÞ \ L 
\
y2K\L
GðyÞ \ L
¼
\
y2K\L
FðyÞ \ L
The ﬁrst inclusion is directly followed by A-pseudomonto-
nicity of /.
Next, we prove the second inclusion. Let
x 2 Ty2K\LGðyÞ \ L and xa ! x such that xa 2 Ty2K\LGðyÞ.
Hence supg2TðyÞ/ðxa; gÞ R int P. Since / is upper semicontin-
uous in ﬁrst argument and Y n fint Pg is closed, preceding
inclusion implies that supg2TðyÞ/ðx; gÞ R int P, that is
x 2 Ty2K\LGðyÞ \ L.
Next, we deﬁne the family of sets to characterize the C-
pseudomonotone mappings.
Let for each z 2 K,
QðzÞ ¼ fx 2 K : sup
f2TðxÞ
/ðz; fÞ R int Pg: 
70 S.A. KhanProposition 2.2. The mapping / : X Y ! Y is C-pseudo-
monotone and afﬁne in the ﬁrst argument if and only if, for every
x; y 2 K,
cl
\
z2½x;y
QðzÞ
 !
\ ½x; y ¼
\
z2½x;y
QðzÞ
 !
\ ½x; y:
Proof. It is obvious that
\
z2½x;y
QðzÞ
 !
\ ½x; y  cl
\
z2½x;y
QðzÞ
 !
\ ½x; y:
Next, it is enough to prove that, for all
y 2 K; x 2 cl Tz2½x;yQðzÞ  implies x 2 Tz2½x;yQðzÞ. Let x 2
cl
T
z2½x;yQðzÞ
 
, then there exists a net fxig; xi 2
cl
T
z2½x;yQðzÞ
 
with xi ! x. From the deﬁnition of set QðzÞ,
it means that xi 2 K and supf2TðxiÞ/ðð1 tÞyþ tx; fÞ R int P,
for all t 2 ½0; 1, for all i 2 I and from D-pseudomonotonicity
we get,
sup
f2TðxÞ
/ðy; fÞ R int P:
Since / is afﬁne in ﬁrst argument, it follows from
supf2TðxÞ/ðx; fÞ R int P, that supf2TðxÞ/ðð1 tÞyþ tx; fÞ R
int P that is x 2 Tt2½0;1Qðð1 tÞyþ txÞ or x 2 Tz2½x;yQðzÞ.
Conversely, let x; y 2 K; fxig  K with xi ! x and
supf2TðxiÞ/ðð1 tÞyþ tx; fÞ R int P, for all t 2 ½0; 1, for all
i 2 I.
This means that xi 2
T
z2½x;yQðzÞ, so that x 2 clT
z2½x;yQðzÞ
 
\ ½x; y ¼ Tz2½x;yQðzÞ  \ ½x; y. We get x 2
Qðð1 tÞyþ txÞ for every t 2 ½0; 1. In particular, for t ¼ 0,
x 2 QðyÞ, which implies
sup
f2TðxÞ
/ðy; fÞ R int P: 
Remark 2.1. Converse part of above proposition can also be
assumed P-convexity instead of afﬁneness.
First, we prove following Minty’s type Lemma.
Lemma 2.1. Let X;Y be topological space and let K  X be
nonempty closed convex subset of X. Let T : K! 2Y be a set-
valued mapping. Let / : X Y ! Y be A-pseudomonotone and
hemicontinuous in second argument and P-convex in ﬁrst
argument, then following two problems are equivalent:
(i) Find x 2 K such that supf2T ðxÞ/ðy; f Þ R int P , for all
y 2 K.
(ii) Find x 2 K such that supg2T ðyÞ/ðx; gÞ R int P , for all
y 2 K.Proof. By A-pseudomonotonicity of /, it is obvious that prob-
lem (i) implies problem (ii). Suppose x is not a solution of
problem (i). Then there exists y^ 2 K such that,
sup
f2TðxÞ
/ðy^; fÞ 2 int P: ð2:1ÞLet xa :¼ xþ aðy^ xÞ 2 K as K is convex, for all a 2 ½0; 1.
For any a 2 ½0; 1, deﬁne a mapping H : ½0; 1 ! 2Y such
that
HðaÞ ¼ f sup
f2TðxaÞ
/ðy^; f^Þg:
By inclusion (2.1), Hð0Þ  int P. By hemicontinuity, there
exists a^ 2 ð0; 1, such that for any a 2 ð0; a^Þ;
supfI2TðxaÞ/ðy^; fIÞ 2 int P.
By the P-convexity of /, we have for any fI 2 TðxaÞ,
/ðxa; fIÞ ¼ /ðay^þ ð1 aÞx; fIÞ
2 a/ðy^; fIÞ þ ð1 aÞ/ðx; fIÞ  P
Therefore, we get
sup
fI2TðxaÞ
/ðxa; fIÞ 2 a sup
fI2TðxaÞ
/ðy^; fIÞ þ ð1 aÞ sup
fI2TðxaÞ
/ðx; fIÞ  P
sup
fI2TðxaÞ
/ðxa; fIÞ  ð1 aÞ sup
fI2 TðxaÞ
/ðx; fIÞ 2 a sup
fI2TðxÞ
/ðy^; fIÞ  P
2 int P P  int P:
Since supfI2TðxaÞ/ðxa; fIÞ R int P, above inclusion implies
that supfI2TðxaÞ/ðx; fIÞ R int P, which is contradiction to
our assumption (ii). Hence (i) is equivalent to problem (ii).
We prove following existence theorem. h
Theorem 2.1. Let K  X be a nonempty closed convex subset of
X. Let / : X Y! Y be A-pseudomonotone, hemicontinuous in
the second argument with respect to T, where T : K ! 2Y is set-
valued mapping and P-convex in ﬁrst argument, coercive with
respect to the compact subset B  K. If for each x 2 K;/ is
upper semicontinuous in ﬁrst argument of B and graph of
Y n fint Pg is closed with respect to B. Then GVEP (1.1)
has a solution.
Proof. For each y 2 K, deﬁne set-valued mapping
F;G : K! 2K by
FðxÞ :¼ fx 2 K : sup
f2TðxÞ
/ðy; fÞ R int Pg
GðxÞ :¼ fx 2 K : sup
g2TðyÞ
/ðx; gÞ R int Pg; for all y 2 K:
First, we claim that F is a KKM mapping. Indeed, let
fx1; . . . ; xng be a ﬁnite subsets of K and suppose
x 2 convfx1; . . . ; xng be arbitrary. Then x ¼
Pn
j¼1kjxj; kj P 0
and
Pn
i¼1kj ¼ 1. Suppose, if possible x ¼
Pn
j¼1kjxj R
Sn
j¼1
FðxjÞ,
then supf2TðxÞ/ðxj; fÞ 2 int P, for every j ¼ 1; . . . ; n.
Since / is P-convex in ﬁrst argument, for a ﬁxed f 2 TðxÞ,
we have
sup
f2TðxÞ
/ðx; fÞ ¼ sup
f2TðxÞ
/ð
Xn
j¼1
kjxj; fÞ 2
Xn
j¼1
kj sup/ðxj; fÞ  P
2 int P P#  int P
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int P. Thus x ¼Pnj¼1kjxj 2 Sn
j¼1
FðxjÞ, that is convfx1;
. . . ; xng 
Sn
j¼1FðxjÞ.
Hence the mapping F : K ! 2K, deﬁned by FðxÞ ¼ FðxÞ, the
closure of FðxÞ, is also KKM mapping. The coercivity of /
with respect to B implies that Fðx0Þ  B. Hence Fðx0Þ is
compact. Thus, by Theorem 1.1, it follows that
T
x2KFðxÞ–;.
Next, we claim that
\
x2K
FðxÞ  Gðx^Þ; for all x^ 2 K:
Indeed, let x 2 Tx2KFðxÞ. Since Tx2KFðxÞ  B (see [13]),
then x 2 Tx2KFðxÞ \ B, for all x 2 K. Let x^ 2 K be arbitrary,
there exists a net fxag in Fðx^Þ such that xa ! x 2 B, that is
sup
f2TðxaÞ
/ðy; fÞ R int P;
which implies, using A-pseudomonotonicity of /
sup
g2TðyÞ
/ðxa; gÞ R int P:
Since for each x 2 K, the graph of Y n fint Pg is closed,
clearly the graph of Y n fint Pg is also closed.
Since / is upper semicontinuous in ﬁrst argument, then
preceeding inclusion implies that supg2TðyÞ/ðx; gÞ R int P, that
is x 2 FðxÞ, for all x 2 K.
Hence
T
x2KFðxÞ 
T
x2KGðxÞ  B. Finally, using Lemma
2.1, we get
T
x2KFðxÞ ¼
T
x2KGðxÞ. Thus
T
x2KFðxÞ–;, that is,
there exists x 2 K such that supf2TðxÞ/ðy; fÞ R int P.
This completes the proof. h
Now we give some condition in which GVEP (1.1) has at
least one solution. We will use following result which is a gen-
eralization of the Ky Fan’s Lemma.
Lemma 2.2 [15]. Let E be a topological vector space, M  E,
F : M ! 2E such that
(i) cl F ðx0Þ is compact for x0 2 M;
(ii) for every x1;x2; . . . ;xn2M ;convfx1;x2; . . . ;xng
Sn
i¼1F ðxiÞ;
(iii) for each x 2 M , the intersection of F ðxÞ with any ﬁnite
dimensional subspace of E is closed;
(iv) for every line segment L of M;Now bcl
\
x2M\L
FðxÞ
 !
\ L ¼
\
x2M\L
FðxÞ
 !
\ L
Then
T
x2MFðxÞ–;. If M is convex, closed and FðxÞ M
for every x 2M, then the hypothesis (iv) can be replaced
with:(iv0) for every line segment L of M;cl
\
x2L
FðxÞ
 !
\ L ¼
\
x2L
FðxÞ
 !
\ L
y using above lemma we have following result.Theorem 2.2. Let K  X be a nonempty, closed convex subset of
X and T : K ! 2Y be a set-valued mapping and let / : X
Y! Y be a mapping with condition supf2TðxÞ/ðx; fÞ 2 int P.
Suppose that
(a) / is C-pseudomonotone with respect to T;
(b) there exists a compact subset B  X and zo 2 K such that
supf2T ðxÞ/ðz0; f Þ 2 int P , for every x 2 K n B;
(c) for every ﬁnite dimensional subspace Z of X, / is upper
semicontinuous and hemicontinuous in second argument
with respect to T;
(d) / is P-convex in ﬁrst argument and T ðxÞ is compact for
every x 2 K such that Y n f-int Pg is closed.
Then GVEP (1.1) has at least one solution.
Proof. Let FðzÞ ¼ fx 2 K : supf2TðxÞ/ðz; fÞg, we check the
hypothesis of Lemma 2.2. h
(i) We have that F ðz0Þ  B (if there exists x 2 F ðz0Þ and
x R B then supf2T ðxÞ/ðz; f Þ R int P and x 2 K n B, which
is a contradiction.)Therefore clF ðzoÞ  B, and B being
compact, clF ðz0Þ is compact.
(ii) Assume that x1; . . . ; xn 2 K. Now let us consider on con-
trary that there exists k1; k2; . . . ; kn P 0, with
Pn
j¼1kj ¼ 1
such that x^ ¼Pnj¼1kjxj R F ðxiÞ, for every i ¼ 1; . . . ; n,
which means thatsup
f2Tðx^Þ
/ðxi; fÞ 2 int P; for every i ¼ 1; . . . ; n:
For a ﬁxed f 2 Tðx^Þ, we have !
sup
f2Tðx^Þ
/ðx^; fÞ ¼ sup
f2Tðx^Þ
/
Xn
j¼1
kjxj; f 2
Xn
j¼1
kj sup/ðxj; fÞ  P
2 int P P#  int P
which is contradiction to our assumption supf2Tðx^Þ
/ðx^; fÞ R int P.(iii) Let Z be a ﬁnite dimensional subspace of X. We want to
prove that Z \ F ðzÞ is closed. Let z 2 K
FðzÞ \ Z ¼ fx 2 K \ Z : sup
f2TðxÞ
/ðz; fÞ 2 Y n fint Pg:
Let fxag be a net in FðzÞ \ Z such that xa ! x. Since
K \ Z is closed, Y n fint Pg is closed graph and upper
semicontinuous in second argument, then it follows that
x 2 K \ Z, which follows that x 2 FðzÞ \ Z.(iv) It follows directly from Proposition 2.2 and Remark 2.1.
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